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Building forecasting models
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Time series forecasting
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What Data Do We Need for Forecasting?
Forecasting is estimating how a sequence of observations will
continue into the future based on all information available at the
time the forecast is generated:

1 Past/historical time series data on the variable to be forecast

2 Past and future data on deterministic predictors

3 Past and future data on stochastic predictors

4 Expert knowledge and contextual information within an
organisation that may affect the forecast variable

5 New information as it arrives
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From simple methods to Exponential Smoothing

Naive method: Use only the last observation
Average method: Use all observations
Want something in between naive and average methods.
Most recent data should have more weight.
This is exactly the concept behind exponential smoothing
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Pegel’s classification
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A model for levels, trends, and seasonalities
We want a model that captures the level (ℓ𝑡), trend (𝑏𝑡) and
seasonality (𝑠𝑡).
How do we combine these elements?

Additively?
𝑦𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝑠𝑡−𝑚 + 𝜀𝑡

Multiplicatively?
𝑦𝑡 = ℓ𝑡−1𝑏𝑡−1𝑠𝑡−𝑚(1 + 𝜀𝑡)

Perhaps a mix of both?
𝑦𝑡 = (ℓ𝑡−1 + 𝑏𝑡−1)𝑠𝑡−𝑚 + 𝜀𝑡

How do the level, trend and seasonal components evolve over time?
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ETS models

General notation E T S : ExponenTial Smoothing
↗ ↑ ↖

Error Trend Season

Error: Additive ("A") or multiplicative ("M")

Trend: None ("N"), additive ("A"), multiplicative ("M"), or
damped ("Ad" or "Md").

Seasonality: None ("N"), additive ("A") or multiplicative ("M")
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Exponential smoothing models
Additive Error Seasonal Component

Trend N A M
Component (None) (Additive) (Multiplicative)

N (None) A,N,N A,N,A A,N,M
A (Additive) A,A,N A,A,A A,A,M
Ad (Additive damped) A,Ad,N A,Ad,A A,Ad,M

Multiplicative Error Seasonal Component
Trend N A M

Component (None) (Additive) (Multiplicative)
N (None) M,N,N M,N,A M,N,M
A (Additive) M,A,N M,A,A M,A,M
Ad (Additive damped) M,Ad,N M,Ad,A M,Ad,M
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State space equations for each of the models in the ETS
framework.
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Estimating ETS models

Smoothing parameters 𝛼, 𝛽, 𝛾 and 𝜙, and the initial states
ℓ0, 𝑏0, 𝑠0, 𝑠−1, … , 𝑠−𝑚+1 are estimated by maximising the
“likelihood” = the probability of the data arising from the
specified model.
For models with additive errors equivalent to minimising
SSE.
For models with multiplicative errors, not equivalent to
minimising SSE.
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Model selection
Akaike’s Information Criterion

AIC = −2 log(L) + 2𝑘

where 𝐿 is the likelihood and 𝑘 is the number of parameters & initial
states estimated in the model.

Corrected AIC

AICc = AIC+ 2𝑘(𝑘 + 1)
𝑇 − 𝑘 − 1

which is the AIC corrected (for small sample bias).

Bayesian Information Criterion

BIC = AIC+ 𝑘(log(𝑇 ) − 2).
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Automatic forecasting

From Hyndman et al. (IJF, 2002):

1 Apply each model that is appropriate to the data.
Optimize parameters and initial values using MLE.

2 Select best method using AICc.
3 Produce forecasts using best method.
4 Obtain forecast intervals using underlying state space
model.

Method performed very well in M3 competition.
Used as a benchmark in the M4 competition.
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ARIMA models
AR: autoregressive (lagged observations as inputs)
I: integrated (differencing to make series stationary)

MA: moving average (lagged errors as inputs)

An ARIMA model is rarely interpretable in terms of visible data
structures like trend and seasonality. But it can capture a
huge range of time series patterns.
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ARIMA models
ARIMA(𝑝, 𝑑, 𝑞) model
AR: 𝑝 = order of the autoregressive part
I: 𝑑 = degree of first differencing involved

MA: 𝑞 = order of the moving average part.

White noise model: ARIMA(0,0,0)
Random walk: ARIMA(0,1,0) with no constant
Random walk with drift: ARIMA(0,1,0) with const.
AR(𝑝): ARIMA(𝑝,0,0)
MA(𝑞): ARIMA(0,0,𝑞)
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ARIMA models
Autoregressive Moving Average models:

𝑦𝑡 = 𝑐 + 𝜙1𝑦𝑡−1 + ⋯ + 𝜙𝑝𝑦𝑡−𝑝

+ 𝜃1𝜀𝑡−1 + ⋯ + 𝜃𝑞𝜀𝑡−𝑞 + 𝜀𝑡.

Predictors include both lagged values of 𝑦𝑡 and lagged
errors.

Autoregressive Integrated Moving Average models

Combine ARMA model with differencing.
𝑑-differenced series follows an ARMA model.
Need to choose 𝑝, 𝑑, 𝑞 and whether or not to include 𝑐.
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Autoregressive models
Autoregressive (AR) models:

𝑦𝑡 = 𝑐 + 𝜙1𝑦𝑡−1 + 𝜙2𝑦𝑡−2 + ⋯ + 𝜙𝑝𝑦𝑡−𝑝 + 𝜀𝑡,

where 𝜀𝑡 is white noise. A multiple regression with lagged
values of 𝑦𝑡 as predictors.
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Cyclic behaviour is possible when 𝑝 ≥ 2. 20



Moving Average (MA) models
Moving Average (MA) models:

𝑦𝑡 = 𝑐 + 𝜀𝑡 + 𝜃1𝜀𝑡−1 + 𝜃2𝜀𝑡−2 + ⋯ + 𝜃𝑞𝜀𝑡−𝑞,

where 𝜀𝑡 is white noise. A multiple regression with lagged
errors as predictors. Don’t confuse with moving average
smoothing!
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How does ARIMA() work?
Hyndman and Khandakar (JSS, 2008) algorithm:

Select no. differences 𝑑 via KPSS test.
Select 𝑝, 𝑞 and inclusion of 𝑐 by minimising AICc.
Use stepwise search to traverse model space.

AICc = −2 log(𝐿) + 2(𝑝 + 𝑞 + 𝑘 + 1) [1 + (𝑝 + 𝑞 + 𝑘 + 2)
𝑇 − 𝑝 − 𝑞 − 𝑘 − 2

]

where 𝐿 is the maximised likelihood fitted to the differenced
data, 𝑘 = 1 if 𝑐 ≠ 0 and 𝑘 = 0 otherwise.

Note: Can’t compare AICc for different values of 𝑑.
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How does ARIMA() work?

Step1: Select current model (with smallest AICc) from:
ARIMA(2, 𝑑, 2)
ARIMA(0, 𝑑, 0)
ARIMA(1, 𝑑, 0)
ARIMA(0, 𝑑, 1)

Step 2: Consider variations of current model:

vary one of 𝑝, 𝑞, from current model by ±1;
𝑝, 𝑞 both vary from current model by ±1;
Include/exclude 𝑐 from current model.

Model with lowest AICc becomes current model.

Repeat Step 2 until no lower AICc can be found.
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Understanding ARIMA models

If 𝑐 = 0 and 𝑑 = 0, the long-term forecasts will go to zero.
If 𝑐 = 0 and 𝑑 = 1, the long-term forecasts will go to a
non-zero constant.
If 𝑐 = 0 and 𝑑 = 2, the long-term forecasts will follow a
straight line.
If 𝑐 ≠ 0 and 𝑑 = 0, the long-term forecasts will go to the
mean of the data.
If 𝑐 ≠ 0 and 𝑑 = 1, the long-term forecasts will follow a
straight line.
If 𝑐 ≠ 0 and 𝑑 = 2, the long-term forecasts will follow a
quadratic trend. 28



Understanding ARIMA models
Forecast variance and 𝑑

The higher the value of 𝑑, the more rapidly the prediction
intervals increase in size.
For 𝑑 = 0, the long-term forecast standard deviation will go
to the standard deviation of the historical data.
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